Abstract. We formulate a Lattice Hamiltonian approach for the modeling of intermediate energy heavy ion collisions. After verifying stationary ground state solutions, we implement this in a calculation of nuclear stopping power and compare our results with experimental data. Our findings support a relatively soft nuclear equation of state, with a momentum-dependent self-consistent mean field.
INTRODUCTION
For the past two decades the field of heavy ion collisions has seen many advances on both the experimental and theoretical fronts. At low and intermediate energies, much progress has come from the solution of transport theories such as the BUU [1] [2] [3] and QMD [4, 5] models. Both have been quite successful in explaining many observables extracted from experimental studies at energies ranging from a few hundred MeV per nucleon up to a few GeV per nucleon. In this work, we concentrate on the first approach. Precise measurements in the lower energy regime (∼ ǫ f ) have specified the need for precise numerical models. Previous BUU solutions have employed the so called "test particle" method [3] . However, it has been shown that at low energies this method may lead to solutions that can badly violate energy conservation [6] . This aspect is expected to worsen as the bombarding energy is decreased. The energy conservation problem inherent in the test particle method has largely been circumvented through the "Lattice Hamiltonian" [7] algorithm.
The process of colliding ions involves a mixture of interactions that the individual nucleons themselves undergo. For collisions above ǫ f , nucleons can interact with each other via elastic and inelastic scattering. For the latter process to occur, the energy available in the nucleon-nucleon centre of mass frame must be at least E = 2m n +m π since the lightest meson is the π meson. In addition to hard scattering, the nucleons also experience a self-consistent nuclear mean field. Thus, the nucleons will move on curved trajectories.
The mean field is a crucial ingredient in any transport calculation. Various nuclear mean fields have extensively been studied in the past [8] [9] [10] . In addition, it has previously been shown that different parameterizations of the nuclear mean field can yield similar results in measurements of transverse flow as can be seen in reference [8, 9] . However transverse flow measurements do not exhaust the presently available experimental observations. In fact there are now available experimental data which can serve to distinguish between different parameterizations. This is the subject of this work.
NUCLEAR MATTER POTENTIALS
We begin our discussion by starting with nuclear matter considerations. The latter is defined as a net isospin zero infinite system of nucleons in which the total electric charge of the system is zero. Thus, isospin and Coulomb effects are not considered. We will use a semi-classical approximation which allows us to simultaneously specify the positions and momenta of all nucleons at all times. If we assume a smooth phase space distribution function f ( r, p), the total energy of the system reads:
In equation 1, v (2) (· · ·) represents a two-body nucleon-nucleon interaction. The potential energy term is written as a sum of n body interactions. Thus, our potential in general contains both two-body as well as many-body interactions. Next, we need to adopt a specific form for our n body interaction terms. A first simple choice is a momentum-independent contact interaction of strength a, and for the two-body direct term reads:
If we lump the 3-body and higher interaction potentials into one term, we arrive at the "generalized Skyrme interaction" [11] . The corresponding potential energy density is shown below. The three parameters A, B and σ are left for us to choose, on the condition that we respect some constraints. We will discuss these in the next section.
This generalized Skyrme interaction has been extensively studied in the context of heavy-ion collisions and has shown some success in describing a large amount of heavy-ion collision data at intermediate energies (∼ 1GeV/A) with transporttype models [3, 9, 12, 13] . However, there are other properties of nuclear matter that will manifest themselves during heavy-ion collisions which have yet to be unveiled. It is well known that the nuclear optical potential is strongly momentumdependent [14] [15] [16] . The simple phenomenological potential above does not contain any momentum-dependence. Thus, in order to obtain a more realistic description of nuclear matter one should include a term in the potential which includes some functional dependence on momentum. In this work, we use the Fourier transform of the finite range Yukawa potential. This momentum dependent interaction is then coupled with the zero range momentum-independent interaction and yields the following nuclear matter potential energy density shown below. This potential is known as the "MDYI" potential [17] .
Skyrme and MDYI parameters
In the last section, two parameterizations of the nuclear mean field potential for nuclear matter were given. In both of those parameterizations, a number of "free" parameters were left unspecified. There are three for the Skyrme interaction and two additional ones (for a total of five) for the MDYI interaction. In order for these potentials to give a physical representation of nuclear matter, the value of each of the parameters must some how be connected to properties of nuclear matter. We use the experimentally observed properties of heavy ions to fix these parameters.
Let us first consider the momentum-independent Skyrme interaction. Two obvious conditions that should be satisfied are the binding energy per nucleon (E B = 16 MeV) and the equilibrium density for nuclear matter(ρ 0 = 0.16 fm −3 ). Both of these are well established quantities [18] . A third condition that one can use to fix the three parameters is the determination of the nuclear matter compressibility (K). This quantity is directly related to the equation of state and gives a measure of the scalar elasticity of nuclear matter. For example, a soft or low value of the compressibility results in matter which is easily deformed by an external force while a stiff or high value provides matter which is relatively impervious to deformations. The value of the nuclear matter compressibility can be taken from the giant monopole resonance or breathing mode observed in heavy ions [19] . In addition, supernova calculations can provide additional constraints on this value [20] . The goal of this work is to attempt to deduce a value of the nuclear mean field compressibility from simulations of colliding heavy ions. We have chosen to use two values for the compressibility; a relatively soft EOS is provided with the choice of K = 200 MeV and a stiff EOS is provided with K = 380 MeV. These two values provide a reasonable bracket on this quantity as can be seen from supernova calculations as well as breathing mode calculations and observations [19] [20] [21] .
The momentum-dependent MDYI interaction used in this work requires that we specify two more parameters. In equation 4, C represents the strength of the momentum-dependent term and Λ is representative of a range in momentum space. We now turn to nucleon-nucleus scattering experiments wherein one can extract information on the nuclear optical potential. This quantity is directly related to equation 4 as the latter contains information about the nucleon single particle potential (U(ρ, p)) inside nuclear matter. By requiring U(ρ = ρ 0 , p = 0) = −75 MeV and U(ρ = ρ 0 , p 2 /2m = 300 MeV) = 0 we provide the two extra conditions necessary to fix all five parameters in the MDYI interaction potential. The agreement obtained with experimental measurements is very good from kinetic energies ranging from zero up to the GeV per nucleon regime [22] . With these parameterizations, we are now in a position to apply our nuclear transport model to the simulation of heavy ions collisions.
SIMULATION OF HEAVY IONS/COLLISIONS
In order to simulate colliding nuclei, there are still a few ingredients that we must add to the above nuclear matter approach. First, any stable nucleus contains a nonzero number of protons and is thus charged. We expect the Coulomb potential to play a role. Secondly, many heavy nuclei have a neutron number which can be as high as 1.5 times the atomic number: total isospin is non-zero. It is therefore also necessary to include an isospin potential into our formalism. We use an isospin potential that has previously been used in astrophysical considerations [23] . Now the total Hamiltonian of an A nucleon nucleus can be written down. The potential energy is discretized on a lattice(δx) in configuration space. We show below this Hamiltonian where α is a configuration space grid index.
In the above, W α can either be the Skyrme or MDYI potential energy density. As our Hamiltonian in equation 5 has no explicit time dependence, energy is conserved and we can now calculate the binding energy per nucleon for any size nucleus. We performed such a calculation for ∼30 nuclei ranging from mass number A : 4 → 260 for both the Skyrme and MDYI potential energy densities. We obtain very good agreement with the Weizacker semi-empirical mass formula [18] over a large mass range. In passing, we note that the absence of an explicit surface potential yields about 1 MeV/A too large a binding energy for light nuclei. We do not expect this to significantly alter the results of this work.
The above analysis was done for a stationary nucleus. However, in heavy ion collision physics, one is concerned with the interaction of nuclei. Thus, we would like to know how the nucleons that make up two colliding nuclei evolve in time. We want to study the dynamical, non-equilibrium behaviour of colliding nuclei. In other words, we would like to have the equations of motions for all nucleons in this scenario. Obtaining this is a simple matter since we have the total Hamiltonian of the system. Thus, one has Hamilton's equations.
The coupled set of nonlinear equations 6 together with equation 5 represent the Lattice Hamiltonian solution for colliding nuclei [7] . So far, we are able to calculate the trajectories of all nucleons in a time varying self-consistent mean field. However, as mentioned in the introduction one must also allow for elastic and inelastic nucleon-nucleon collisions as the total nucleonnucleon cross section is in general non-zero. For the application of the model we have developed so far we will only be concerned with energies below the particle production threshold thus we need only consider the elastic nucleon-nucleon cross section. As we have included an isospin potential in our formulation, we will be using an elastic scattering cross section that is parameterized in terms of isospin and centre of mass energy [24] . For a detailed prescription of the scattering procedure used in this work the reader is referred to the reference by Bertsch and Das Gupta [3] . The details for solving Hamilton's equations in our model can be found in reference [25] .
Now we are in a position to test the predictive power of the model. This is the subject of the following section.
NUCLEAR STOPPING
In order to give a qualitative picture of nuclear stopping it is instructive to consider two extreme examples of colliding nuclei. One can envisage that as two heavy ions approach each other on a collision course, there is a possibility for the two nuclei to coalesce. As two nuclei approach they are slightly slowed down by the Coulomb barrier. If the incident energy is just above that of the Coulomb barrier, the nuclei can merge into one large "nucleus". If the initial energy is sufficiently low such that there is no large buildup of density, repulsive mean field forces are at a minimum and a large compound nucleus will remain(assuming the Coulomb forces are not large enough to fission the nucleus). On the other hand, if one considers a high energy collision, there are regions where the matter density builds up rapidly and creates domains of large (positive) energy density. This in turn produces large pressure gradients which tend to expel the nucleons, thus breaking up the transient system. In the end we are left with many small remnants. At energies between these two extremes, experiments tell us that the final state can consist of a relatively large remnant with many smaller remnants in the final state. In order to quantify the stopping power and to compare with a specific experimental measurement, we will consider only the largest of these remnants. If we move to the lab frame, in the case of a single remnant, the latter will have a velocity equal to the velocity of the centre of mass of the two nuclei. At higher energies when there are more than one remnant present the velocity of the heaviest remnant will be smaller than in the previous case. This is due to the many small remnants which carry away a portion of the initial momentum. Thus, for a large final state remnant velocity, we have large stopping or close to complete absorption of the projectile. For a small final state remnant velocity, there is little stopping of the projectile as it partially rifles through the target. This description is exactly what is termed "nuclear stopping". Our goal here is to quantitatively investigate what role the nuclear matter compressibility as well as the momentum-dependence of the nuclear mean field play in determining the stopping power of nuclei.
Simulation results
Recent nuclear stopping results have been obtained at the NSCL at MSU using the K1200 cyclotron [26] . The longitudinal lab frame velocity of the heaviest remnant was determined for 40 Ar+ 108 Ag. The laboratory beam energies studied there ranged from ∼ 8 → 115 MeV/A. The experimental impact parameters were estimated from charged particle multiplicity and for the Ar+Ag system corresponds to b ∼ b max /4 [27] . In an attempt to bracket the experimental data we have performed Lattice Hamiltonian simulations for the Ar+Ag system at b = b max /3 and b = b max /5 for bombarding energies ranging from ∼ 20 → 120 MeV/A. The calculations were performed with both the Skyrme and MDYI nuclear mean field potentials as well as with a stiff and soft EOS. For the Skyrme(MDYI) interaction, the compressibilities were 200(215)MeV for the soft EOS and 380(373)MeV for the stiff EOS. These parameterizations have been used before in a work by Zhang, Das Gupta and Gale [28] . Figure 1 displays the result for the longitudinal lab frame velocity of the heaviest remnant for both the measurement and calculation. Several conclusions can be taken from this. First, we note that the momentum-dependent mean field result is less sensitive to the value of the nuclear matter compressibility than is the momentum-independent mean field result. Indeed, the MDYI potential shows little sensitivity to the compressibility for this observable. This decrease in sensitivity is not too surprising once one takes into account the fact that the momentumindependent mean field is driven by the nuclear compressibility only while the momentum-dependent mean field contains an additional dependence on the momentum distribution. We find that the most convincing result for the momentumindependent mean field is obtained with a soft EOS. Both EOS's for the momentumdependent mean field show nice agreement with the data for the larger value of the impact parameter.
Another observable considered was the mass of the heaviest remnant. These results are shown in figure 2. Note that from these results we can now separate the two momentum-dependent mean fields. As far as the momentum-dependent mean field is concerned (bottom panel), we find better agreement with a soft EOS. The data are only slightly underestimated in this case and the trend is reproduced. The momentum-independent mean field result on the other hand favours a stiff EOS. This is in contrast to the stopping result and indicates that one cannot satisfy both observables with the same momentum-independent mean field. 
CONCLUSION
We have implemented a Lattice Hamiltonian simulation for the case of two colliding heavy ions. Our solution incorporates both a momentum-independent as well as momentum-dependent nuclear mean field. The nuclear stopping results indicate that the momentum-dependent mean field is less sensitive to the nuclear matter compressibility than is the momentum-independent mean field. Furthermore, satisfactory agreement with both the stopping data and the observed large remnant mass can be achieved with the use of a momentum-dependent nuclear mean field. Our results support a relatively soft EOS of compressibility K = 215MeV.
